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Abstract 

Attention is focused on antisymmetrized versions of quantum spaces 
that are of particular importance in physics, i.e. two-dimensional quan- 
tum plane, q-deformed Euclidean space in three or four dimensions as 
well as q-deformed Minkowski space. For each case standard techniques 
for dealing with q-deformed Grassmann variables are developed. For- 
mulae for multiplying supcrnumbers are given. The actions of symme- 
try generators and fermionic derivatives upon antisymmetrized quan- 
tum spaces are calculated. The complete Hopf structure for all types 
of quantum space generators is written down. From the formulae for 
the coproduct a realization of the L-matrices in terms of symmetry 
generators can be read off. The L-matrices together with the action of 
symmetry generators determine how quantum spaces of different type 
have to be fused together. 

1 Introduction 

It is an old idea that limiting the precision of position measurements by 
a fundamental length will lead to a new method for regularizing quantum 
field theories [1]. It is also well-known that such a modification of classical 
spacetime will in general break its Poincare symmetry [2]. One way out 
of this difficulty is to change not only spacetime, but also its underlying 
symmetry. 

Quantum groups can be seen as deformations of classical spacetime sym- 
metries, as they describe the symmetry of their comodules, the so-called 
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quantum spaces. From a physical point of view the most realistic examples 
for quantum groups and quantum spaces arise from q-deformation [3-9]. 
In our work we are interested in q-deformed versions of Minkowski space 
and Euclidean spaces as well as their corresponding symmetries, given by 
q-deformed Lorentz algebra and algebras of q-deformed angular momentum, 
respectively [10-14]. Julius Wess and his coworkers were able to show that 
q-deformation of spaces and symmetries can indeed lead to discretizations, 
as they result from the existence of a smallest distance [15, 16]. This obser- 
vation nourishes the hope that q-deformation might give a new method to 
regularize quantum field theories [17-20]. 

In our previous work [21-26] attention was focused on symmetrized ver- 
sions of q-deformed quantum spaces that are of particular importance in 
physics, i.e. two-dimensional Manin plane, q-deformed Euclidean space in 
three or four dimensions, and q-deformed Minkowski space. As there is a 
need for Grassmann variables in physics we would like to discuss antisym- 
metrized versions of those quantum spaces as well. 

In particular, we intend to proceed as follows. In Sec. [21 we cover the 
ideas our considerations about q-deformed quantum spaces are based on. For 
further details we recommend Refs. [27] and [28]. In the subsequent sections 
we apply these reasonings to antisymmetrized versions of two-dimensional 
quantum plane, q-deformed Euclidean space with three or four dimensions 
as well as q-deformed Minkowski-space. 

More concretely, we develop some standard techniques for dealing with 
q-deformed Grassmann variables. In doing so, we start from the commuta- 
tion relations for q-deformed Grassmann variables and introduce q-deformed 
supernumbers. After that we are going to derive explicit formulae for mul- 
tiplying q-deformed supernumbers. In addition to this, we are going to 
calculate the action of symmetry generators and partial derivatives upon 
antisymmetrized quantum spaces. Furthermore, we are going to write down 
the complete Hopf structure on quantum space generators, including their 
coproduct, antipode, and counit. 

One should realize that the explicit form of the coproduct on quan- 
tum space generators enables us to read off a realization of the so-called 
L-matrices in terms of symmetry generators. This knowledge together with 
the action of symmetry generators upon quantum spaces tells us how quan- 
tum spaces of different type have to be fused together. 
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2 Basic ideas on antisymmetrized quantum spaces 



In our approach spacetime symmetries are described by quantum algebras 
like U q (su2), U q {soi) or q-deformed Lorentz algebra. Important for us is the 
fact that these algebras are quasitriangular Hopf algebras, i.e. their coprod- 
uct can be twisted by an invertible element 1Z G H ® H, which is known as 
the universal R-matrix of the corresponding Hopf algebra H. Formally, we 
have 

r o Ah = TZiAh)^ 1 , h€H, (1) 

where A and r denote respectively the coproduct on H and the transposition 
map. 

The modules of the quantum algebras are called quantum spaces. At a 
first glance a quantum space is nothing other than an algebra A generated 
by non-commuting coordinates X\, X 2 , . . . , X n , i.e. 

A = C[[X 1 ,...X n ]]/l, (2) 

where T denotes the ideal generated by the relations of the non-commuting 
coordinates. 

It should be noted that we can combine a quantum algebra H with its 
representation space A to form a left cross product algebra A x H built on 
A <g> H with product 

(a®h)(b®g)=a(h( 1 )>b)®h( 2 )g, a,b G A, h,g£H, (3) 

where > denotes the left action of H on A. There is also a right-handed 
version of this notion called a right cross product algebra H x A and built 
on H A with product 

(h ®a)(g®b) = hg {2) ®{a< g (1) )b, (4) 

where < now stands for the right action of H on A. The last two identities 
tell us that the commutation relations between symmetry generators and 
representation space elements are completely determined by coproduct and 
action of the symmetry generators, since we obtain from them 

hb = >b)h( 2 ), as = 0(2) (a < (5) 

However, in what follows it is necessary to take another point of view 
which is provided by category theory. A category is a collection of objects 
X, Y, Z, . . . together with a set Mor(X, Y) of morphisms between two objects 
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X, Y. The composition of morphisms has similar properties as the compo- 
sition of maps. We are interested in tensor categories. These categories 
have a product, denoted (g) and called the tensor product. It admits several 
'natural' properties such as associativity and existence of a unit object. For 
a more formal treatment we refer to Refs. [27], [29,30] or [31]. If the action 
of a quasitriangular Hopf algebra H on the tensor product of two quantum 
spaces X and Y is defined by 

h > (v <g> w) = (fyx) > v) <g> (h(2) > w) G X <g> Y, heH, (6) 

where the coproduct is written in the so-called Sweedler notation, i.e. A(/i) = 
hm <S> h(2), then the representations (quantum spaces) of the given Hopf al- 
gebra (quantum algebra) are the objects of a tensor category. In this tensor 
category exist a number of morphisms of particular importance that are co- 
variant with respect to the Hopf algebra action. First of all, for any pair of 
objects X, Y there is an isomorphism ^>x,Y ■ X ®Y — > Y <8> X such that 
(d ® /) VP x,Y = ^x'Y' (/ ® 9) f° r arbitrary morphisms / € Mor(X, X 1 ) 
and g G Mor(y, Y'). In addition to this one requires the hexagon axiom to 
hold. The hexagon axiom is the validity of the two conditions 

^X,Z ^Y,Z = ^X®Y,Z, ^X,Z ^X,Y = ^X,Y®Z- (7) 

A tensor category equipped with such mappings ^x,Y for each pair of objects 
X, Y is called a braided tensor category. The mappings ^> x,Y as a whole 
are often referred to as the braiding of the tensor category. Furthermore, 
for any quantum space algebra X in this category there are morphisms 
A : X ^ X ® X, S : X ^ X, ande:X^C forming a braided Hopf 
algebra, i.e. A, S, and e obey the usual axioms of a Hopf algebra, but now 
as morphisms in the braided category. 

It is well-known that for a quasitriangular Hopf algebra H the category 
of .ff-modules is braided, with 

^x,y(v (8) w) = (ft (2) >w) ® (TZ {1) >v), veX,weY, (8) 

where 7Z = 7Z^ ■ In terms of quantum space generators the above 
identity becomes 

^x,Y (X i ®Y>) = R% Y k ®X\ (9) 

where summation over repeated indices is to be understood. Notice that 
the matrix R describes nothing other than a linear mapping between vector 
spaces spanned by tensor products of quantum space generators. In the cases 
under consideration this mapping can be restricted to invariant subspaces. 
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As a consequence, R admits a projector decomposition of the general form 
[32,33] 

R = a s P S + a A P A + a T P T , (10) 

where 0:5, a A , and olt denote the corresponding eigenvalues. The projectors 
Ps and Pa are quantum analogs of a symmetrizer and an antisymmetrizer, 
respectively, while Pt projects onto a one-dimensional subspace generated 
by the quantum length. 

The relations of the quantum symmetric space are determined by [34] 

(P A )%X k X l = 0, (11) 

and likewise for the quantum antisymmetric space (q-deformed Grassmann 
algebra), 

(p s )%e k e l = o, (p T )%e k e l = o. (12) 

Alternatively, the two identities defining quantum antisymmetric space can 
be combined in the following way: 

w = ((Ps)% + (Pa)% + (Pt)%) e k e l (13) 
= {p A )%e k e l = afR%e k e l . 

Let us mention that the quantum spaces obtained this way satisfy the 
so-called Poincare-Birkhoff- Witt property, i.e. the dimension of a subspace 
of homogenous polynomials should be the same as for the corresponding 
classical variables. This property is the deeper reason why normal ordered 
monomials again constitute a basis of q-deformed Grassmann algebras. Con- 
sequently, each q-deformed supernumber can be represented in the general 
form 

/(£) = /' + (14) 

where the /'s are arbitrary complex numbers and the 8— stand for a mono- 
mials of a given normal ordering. 

Next, we want to deal with the covariant differential calculus on quantum 
spaces [35-37]. Such a differential calculus can be established by introducing 
an exterior derivative d with the usual properties of nilpotency and Leibniz 
rule: 

d 2 = 0, (15) 
d(fg) = (df)g + (-lpf(dg), 



5 



where 



|/| = 1°' if f bosonica1 ' ng-j 
11, if / fermionical. 



In addition to this, we require that the differentials of the coordinates, 

C = dx\ rf = de\ (17) 

are subject to the relations 

(p A )^v = o, mzw=o. (19) 

With the same reasonings already applied in (fT3)) the above identities lead 
to 

ee = c^r% ee, H = H- (20) 

In order to find commutation relations between coordinates and differ- 
entials, we make as ansatz 

X i e = B% i k X\ d l rf = C% rfd 1 . (21) 

Applying the exterior derivative to both sides of the above equations and 
comparing the results with Q2U|) then yields for the unknown coefficients 

B% = -^R%, Cg = o^. (22) 

As a next step we introduce partial derivatives by 

d = e(d x )i and d = r, i {d e ) i . (23) 

From Q15|) together with (|21jl it can be shown that the following Leibniz 
rules hold: 

(d x )iX* = Sj - a^R^X l (d x ) k , (24) 

We could also have started our considerations from the inverse braiding 
y x ] Y (v ® w) = {(-R- 1 )^ >w)® ((-R- 1 )^ > v), (25) 

leading us to 

^ x ) Y (X l ® Y*) = (R-% Y k ®X l . (26) 



R 1 denotes the inverse of R, so its projector decomposition is given by 

FT 1 = a^Ps + a A l P A + a^P T . (27) 

Repeating the same steps as before we get relations for conjugated objects. 
However, their explicit form can be obtained from the above relations most 
easily by applying the substitutions 

R -> R' 1 , a A ,s,T -> a^ SiT , (28) 

a i^a\ a' e{e,v\X\9 1 }. 

Lastly, let us say a few words about the Hopf structures on quantum 
spaces. With the L-matrix and its conjugate [38], which can be introduced 
by 

Vx,Y(a i ®™) = ((£a) i j >w)®a j , (29) 

the two Hopf structures on quantum space generators can be written as [39] 

&{a l ) = a l ®l + {C a ))®a j , (30) 
A(a i ) = a*® 1 + (£ a )j <g> a j , 

S{a i ) = -S{C a ) i j a\ (31) 
5(a*) = -S(C a ))aP, 

e{a i ) = e{a l ) = 0. (32) 

One should notice that the entries of the L-matrices live in the corresponding 
quantum algebra H This way, we can conclude that the above expressions 
are part of the Hopf structure of the crossed product algebra A x H. 



3 Two-dimensional quantum plane 

We begin by describing the two-dimensional antisymmetrized quantum plane 
algebra explicitly. For this purpose we need the projector decomposition of 
the R-matrix for U q {su2) [32]: 

R = qPs~ Q^Pa- (33) 
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One should notice that in this case Pa and Pt coincide, so we have only two 
different projectors in Eq. ()33|) , For the antisymmetrized coordinates, the 
decomposition in implies [cf. Eq. (|13[)] 

e i e j = - q R%e k e l . (34) 

Inserting the explicit form for the R-matrix [33], we get from Eq. (|34|) the 
following independent relations: 

(0 1 ) 2 = (e 2 ) 2 = o, e 1 e 2 = - q - l e 2 e 1 . (35) 

To go further, we introduce supernumbers, which we can write in the 
form 

f(p\ e 2 ) =f + he 1 + f 2 e 2 + f^e 2 . (36) 

Using relations (|33|) it is not very difficult to show that the product of two 
supernumbers can be written as 

(f-g)(e\e 2 ) (37) 
= (/ • 9)' + (/ • 9)1 o l + {f- 9)2 e 2 + {f- 5)12 e l e 2 , 

with 

(/•5)' = /V, (38) 

(/ ■ g)i = fig' + f'gi, i = 1,2, 
(/ • 5)12 = f\92 - qf29i + f'912 + fi2gt- 

Next, we come to the action of symmetry generators on supernumbers. 
To this end, we have to recall that both bosonic and fermionic coordinates 
transform as spinors under the action of the symmetry algebra U q {su2)- 
Using for U q {su2) the form as it was introduced in Ref. [14] the commutation 
relations between its independent generators (denoted by T + , T~, and r) 
and the spinor components a 1 , i = 1,2, read as 

T+a 1 = qa 1 ^ + q^a 2 , (39) 
T + a 2 = q^a 2 T + , 

T-a 1 = qa 1 ^, (40) 
T'a 2 = q- x a 2 T~ + qa l , 

ra 1 = q 2 a 1 T, (41) 



S 



2 -2 2 

ra = q a t. 

From the above relations we can derive the action of the symmetry gen- 
erators on a supernumber of the form ()36|) . To this end, we repeatedly apply 
the commutation relations ()39|) - (|41|) to the product of a symmetry gener- 
ator and a supernumber, until we obtain an expression with all symmetry 
generators standing to the right of all quantum plane coordinates. In do- 
ing so, we get the left action of a symmetry generator on a supernumber. 
Explicitly, we find 

T+>f(0 1 ,e 2 ) = q- l f l 2 , (42) 

T->f{e\e 2 ) = qf 2 e\ 
r>f(e\e 2 ) = f(q 2 9\ q - 2 e 2 ). 

Right actions of symmetry generators on supernumbers can be derived 
in a similar way, if we now consider a generator standing to the right of a 
supernumber and commute it to the left of all quantum space coordinates. 
Proceeding in this manner one can verify a remarkable correspondence be- 
tween right and left actions. More concretely, we have the transformations 

f{6\ 6 2 ) <T ±l ^ -q^T* > /(0 1 , 9 2 ), (43) 
f(9 1 ,e 2 )<ri^r>f(9 1 ,9 2 ), 

i<->i' 

where the symbol < — ► indicates the following transitions: 

e i t^e i ', i e j i^e j 'e i \ (44) 

f'*—^f', fi*—^fi'} fij ffi' i 

i' = 3-i, i,j = 1,2. 

For this to become more clear, we give as an example 

-q 3 T+ > f(9\0 2 ) = -q 2 fx9 2 -q 2 f 2 9 l = f(9\6 2 ) < T~. (45) 

Now, we turn our attention to the covariant differential calculus on the 
quantum plane. The differentials of bosonical and fermionical coordinates 
are subject to the relations [cf. Eq. lj20|) ] 
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which is consistent with [cf. Eqs. I|21jl and (I22|) ] 

X l C j = gAg t k X\ Prf = q- 1 ^ rfe 1 . (47) 

In what follows we need the q-deformed spinor metric e lJ and its inverse 
Eij given by [42] 

e^=e 22 = 0, e 12 = -q-V 2 , e 21 = q 1 ' 2 , (48) 

and 

eij = s l K (49) 
Now, we are able to raise and lower spinor indices as usual, i.e. 

aj = Eijd 3 , a 1 = e % ' J 'cij. (50) 

With the identity 

£ " fc ^ = g(iH)™^' 5 (51) 

one may check that for partial derivatives with upper indices the Leibniz 
rules in (|24j) become 

£*'=e« + q 2 (R- l )%X k dl (52) 

& 6 p = & - (r-% e k d l e . 

Applying the substitutions 

d a ^d a , a^a, a G {£, rj, X, 6}, (53) 
q^q-\ R^R-\ 

to relations (|46|). 1)47(1 . and (|52() then yields the corresponding identities for 
the conjugated differential calculus. 

Next, we want to deal on with the actions of partial derivatives on super- 
numbers. This way, we can proceed in very much the same way as was done 
in the case of symmetry generators. Written out explicitly, the relations in 
(|52|) become for the fermionic case 

die 1 = -q-Wtf, (54) 

dle 2 = - q - 1 i 2 -e 2 dl 

d 2 e e 1 = qy 2 -9 1 d1 + \9 2 d 1 e , (55) 

d 2 6 2 = -<rW, 
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and likewise for the conjugated partial derivatives, 

d}e l = -qPty, (56) 

dle^-q-^-Pdl-xPal 

= (57) 

d l e e l = - q e 2 dl 

where A = q — q~ l . From l|54|) and (|55j) it follows that 

dl»f{6\e^) = -q-^h-q-^h 1 e\ (58) 

dt»f(e\e l ) = q^h-q-^f 21 e\ 

Repeating the same steps as before for conjugated partial derivatives as 
well as right actions one can verify the correspondences 



% — > % 



di>f(e\e 2 ) q ^ q -$>f(P 2 ,e 1 ), (59) 



i — -I 



and 



q^f^^di q ^i q -qf(9\e 2 )<d i e 



f{6\e 2 )<dl l ^ -q~ X d\ >f(e\9 2 ), (60) 



f{ e\e 1 )<dit^-qdi>f{e\9 1 ) 



% — * 2 

q -» I/9 



where the symbol < — > now describes substitutions given by 



i — 'i i — ► i 



p q ^H q e % \ ew q ^i q 0*0?', (6i) 

i — > i i — > % i — ► i' 
W 9 — > !/9 /./ p 9 -» 1/9 ^ 9 -» 1/9 /. 
/ 4 > / , /i < > Ji', /ij < 11 /i'j', 

i ^ i' 

9 -» 1/9 -1 



< > 



i,j = 1,2. 



It should be noticed that the normal ordering the representation of a super- 
number refers to is indicated by the order in which arguments are arranged 
in the symbol for the supernumber (see also Appendix |A")) . 
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Now, we come to the Hopf structure on quantum space generators. A 
short glance at (|3U|) and (|31|) shows us that the explicit form of coprod- 
uct and antipode is completely determined by the L-matrices. Therefore, 
our task is to find for the unknown entries of the L-matrix combinations 
of symmetry generators that produce the correct commutation relations be- 
tween generators of different quantum spaces. In other words, exploiting the 
identities 

aV = {(C a )l > V) a k , 6V = ((£„)! > a?) b\ (62) 

we should be able to regain the relations in ()46|). (|47|). (|52|). and their conju- 
gated counterparts (if inhomogeneous terms are discounted) . We have found 
L-matrices with this property. Inserting their explicit form into Eqs. (|3Uj) 
and 1)3 ljl we get for coproduct, antipode, and counit the expressions 

A(a x ) =a 1 ®l + A(o)r 1/4 0o 1 , (63) 
A(a 2 ) = a 2 ® 1 + A(a)r 1 / 4 ® a 2 - gAA(a)r- 1 / 4 T + ® a 1 , 

^(a 1 ) = -A-^ay/V, (64) 
S(a 2 ) = -A-^^r- 1 /^ 2 - 9 2 AA- 1 (a)r- 1 /4r+a 1 , 

e(a x ) = e(a 2 ) = 0, (65) 

and similarly for the Hopf structure to the conjugated L-matrix, 

A(a 1 ) = a 1 ® 1 + A- 1 (a)r 1 / 4 ® a 1 + g- 1 AA- 1 (a)r^ 1 / 4 T- ® a 2 , (66) 
A(a 2 ) = a 2 <8> 1 + A-^oJr" 1 / 4 ® a 2 , 

^(a 1 ) = -A(a)r- 1/4 a 1 + ^ 2 AA(a)r~ 1/4 T-a 2 , (67) 
S(a 2 ) = -A(a)r 1 / 4 a 2 , 

e^a 1 ) = e{a 2 ) = 0, (68) 

where a stands for one of the following quantities 

ae{d x ,d e ,X,e,Z, V }. (69) 

Prom (|63[) and 1)66)1 we can see that the L-matrices depend on unitary 
scaling operators denoted by A(a). To understand the occurrence of these 
scaling operators we have to take a look at the commutation relations in 1)47)1 
and 1)52)1 . which tell us that the braiding between generators of different 



12 



quantum spaces is given by the R-matrix or its inverse up to a constant 
factor. The point now is that the action of the scaling operators have been 
determined in such a way that the relations in (|62|) lead to the correct factors 
if we consider the braiding between generators of different quantum spaces. 
This can be achieved by specifying the scaling operators according to 

A(4) = A" 3 / 4 , A(X { ) = A 3 / 4 , A(rf ) = A" 1 / 4 (70) 

and 

A(flj) = A" 3 , A(0*) = A 3 , A(f ) = A 3 , (71) 
where the grouplike operators A and A satisfy the commutation relations 



AX i = 


q~ 2 X l A, 


AX i 


= q 3 / 2 X% 


kdl = 


q 2 dlA, 


Adl 


= q- 3 / 2 d' l x A, 


AC = 




AC 


= -q- l ' 2 C~A. 


Arf = 


2 i A 

qzrf A, 


Arf 


= q-^rfA, 


AO 1 = 


q - 2 e l A, 


A6 l 


= -q-^e'A 


Adl = 


q 2 diA, 


Adl 


= -Q 1/2 dfA. 



Finally, let us notice that the above identities for the scaling operator have 
been derived by exploiting consistence arguments like 

a*V = {(Cat > V) a k = b k (a' < (C b ) j k ), (73) 
&V = ((A)|>« i ) b k = a k (b i <(C a ){). 

4 Three-dimensional Euclidean space 

All considerations of the previous sections pertain equally to the three- 
dimensional q-deformed Euclidean space [14]. Thus we can restrict our- 
selves to stating the results, only. Now, the projector decomposition of the 
R-matrix becomes 

R = P S - q~ 4 P A + q- 6 P T . (74) 
The relations for the fermionic quantum space coordinates are given by 

e A e B = - g 4 R^ e c e D , (75) 

which is equivalent to the following independent relations: 

(e+f = (e-) 2 = 0, (76) 
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e 3 e 3 = \ 9 + 9~, 
e + e- = -8-e + , 
e ± e 3 = -q ±2 e 3 e ± . 

Using the above relations one can show that the product of two supernum- 
bers represented by 

f(O + ,e 3 ,0-) (77) 

= f> + f + e + + f 3 6 3 + f_e- 

+ f +3 0+6 3 + f + _9 + 9- + f 3 _9 3 6- 
+ /+s_ 9 + 9 3 9~, 

now becomes 

(f.g)(8+,9 3 ,9-) (78) 

= (/ • 9)' + (/ • 9)+ + + (f- 9)3 9 3 + {f- g)- 9- 
+ (/ • g) +3 9 + 9 3 + (/ ■ g) + . 9+9~ + (/ • 5)3- 9 3 9~ 
+ (f-g) +3 - + 9 3 9-, 

with 

(f-g)' = f'sf, (79) 

(f-9)A = fA9' + f'9A, A €{+,3,-}, 

(/ • g)+3 = f+93- q~ 2 f3 9+ + f'9+3 + g'f+3, (80) 
(/ • 5)3- = hg- - q~ 2 f- 93 + f'93- + g'h-, 
(f ■ g)+- = f+g- - f- g+ + 93 

+ /'<7+- + <//+-, 

(/ • g)+3- = f+ 93- - q~ 2 fs g+- + q~ 2 f- 9+3 (81) 
+ f+s 9- - q~ 2 f+- 93 + q~ 2 fs- 9+ 
+ f g+3-+ g'f+3- 

Next, we come to the action of symmetry generators on supernumbers. 
To this end, let us notice that fermionic coordinates of three-dimensional 
q-deformed Euclidean space transform under the action of U q {su2) like the 
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components of a vector. Thus, the commutation relations between the gen- 
erators of U q {su2) and the fermionic coordinates read 

(82) 



L+B+ 


= 9+L+, 




L+e 3 


= 9 3 L + - q8 + T 


-1/2 

1 


L + e- 


= 0-l + - e\~ 


1/2 


L-6 + 


= 6+L- + 6>V 


■l/2 > 


L~9 3 


= e 3 L~ +q~ 1 e 




L-0- 


= 6~L~, 




T -i/2g± 


= q ±2 e±T- l i 2 , 




T-l/203 


= e 3 T~ 1 ' 2 . 





T 



- 1 / 2 >f(9 + ,e 3 ,0-) (87) 
f(q 2 9 + ,0 3 ,q- 2 0-). 



(83) 



(84) 



From these relations we get the representations 

L+>/(0+,0 3 ,O (85) 

= -qh e + -f-e 3 - /+_ e + e 3 - q f 3 _ e + e~, 

L-t>f(6 + ,6 3 ,e-) (86) 

= q- l h o- + f+o 3 + qf +3 e+e- + q - 2 u- o 3 e-, 



They are related with right representations by either the transformation 
rules 

f(e + , e 3 , e~) < L ± t^L+> f(e + , e 3 , o~), (88) 

or 

f(e + , e 3 , e~) < t- 1 ' 2 = t 1 ' 2 > f(e + , e 3 , e~), (89) 

The symbol ~t—> indicates the transitions 

qM ...QA n +^ q^...qM^ (90) 

/Ai-A„ < > /a^...aT> 
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where we have introduced indices with bar by A = (+, 3, — ) = (— , 3, +). 

Now, we turn to the differentials, which have to be subject to the rela- 
tions 

pApB _ _ f Af)AB f CpD A B _ hAB C^D 

and 

X V = g 4 ^g fX D , 9 A rf = R AB rj C 9 D . (91) 
The last two relations imply the Leibniz rules 

d A X B = g AB + {R7') AB X c d°, (92) 

d A e B = g AB - q -\R^) AB e c df, 

where g AB denotes the quantum metric of the three-dimensional q-deformed 
Euclidean space. In complete analogy to the previous section, the relations 
for the conjugated quantities follow from the above identities by applying 
the substitutions 

d a ^d a , a^a, a G {£, 77, X, 9}, (93) 
q^q' 1 , R —> R^ 1 . 

For the fermionic derivatives the Leibniz rules read explicitly 

0+0+ = - q ^6 + d+, (94) 
d+9 3 = -q~ 2 9 3 dj + q- 2 XX + 9 + dl 

8+9- = -q- 9~dj + q- l X\+9^dl - q- 1 \ 2 \+9 + d 9 , 

dl9 + = -q- 2 9 + dl (95) 
dl9 3 = 1 - q~ 2 9 3 d$ + q- l \\+9 + d e , 
d 3 9- = -q- 2 9-dl + q- 2 XX+9 3 d e , 

d e 9 + = -q- 1 -9 + d e , (96) 
d e 9 3 = -q' 2 9 3 d e , 
d g 9- = -q~ 4 9-d , 

where A + = q + q~ l . By the substitutions 

d A ^d A , 9 A ^9 A , g-g" 1 , (97) 

we get the corresponding relations for the conjugated differential calculus. 
In a straightforward manner, we can derive from the identities in (|94|) - (|96|) 
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the actions of the fermionic derivatives on supernumbers. This way, we 
obtain 

d+>f(8 + ,9 3 ,0-) (98) 
= ~qf- + q~ 3 U- + + q- l h- 6 3 - q- 5 f +3 - 6 + 6 3 , 

d$>f(6 + ,9 3 ,9-) (99) 
= h ~ q- 2 f+3 + + h- 0- - q- 2 f+3- 

d d >f(6 + ,e 3 ,e-) (ioo) 

= -g-7+ - g-V+3 3 - q-'U- 9~ - <r7+3- 3 <T . 

The relationship between the different types of representations is now given 
by 

d£>f(6 + ,9 3 ,e~) +q ^i q di>f(e-,e 3 ,e + ), (101) 
q - 2 f(e+,e 3 ,n«d£ +q ^ q g 2 f(9-,9 3 ,9+)<dl 

and 

f(S + , e 3 , n < df to q 2 d£ > f(e + , e 3 , e-), (102) 
f(e-,e 3 , e+) < df to g~ 2 4 A > f(S- ,e 3 , e + ), 

+ -» - 

where 9 < — > g denotes a transition given by 

0*i... Q A n to/* ^ ^ (103) 
+ -► - 

, q —> l/q j. 

JAv-An < ► 7A7...XT) 



/ < > / , 



<? -> i/q -l 
< > g . 



Last but not least we would like to concentrate our attention to the Hopf 
structures for the various types of quantum spaces. In general we have 

A(or) = oT <g> 1 + A(a)r" 1/2 (g>a _ , (104) 
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A(a 3 ) = a 3 1 + A(a) <g> a 3 + AA + A(a)L+ ® a~, 
A(a+) = a + <g> 1 + A(a)r 1/2 ® a + + gAA+A(a)r 1/2 L + <g> a 3 
+ g 2 A 2 A + A(a)r 1 / 2 (L+) 2 (g)a", 

5(0") = -A'^ay^a-, (105) 
5(a 3 ) = -A-^aja 3 + g 2 AA+A- 1 (a)r 1 / 2 L+a-, 
S(a + ) = -A- l {a)T- l l 2 a + + gAA+A" 1 (a)L+a 3 
-g 4 A 2 A + A- 1 (a)r 1 / 2 (L + ) 2 a-, 

e (a+) = e(a 3 ) = e[a~) = 0, (106) 

and likewise in the conjugated case 

A(a + )=« + ®l + A' 1 (fl)r 1/2 ®a + , (107) 
A(a 3 ) = a 3 <g> 1 + A _1 (a) ® a 3 + AA + A _1 (a)L _ (g) a + , 
A(cT) = a - <g> 1 + A" 1 (a)r- 1/2 <g> a - + q' 1 W+A" 1 {o)t 1/2 L~ ® a 3 
+ (? - 2 A 2 A + A- 1 (a)r 1 / 2 (L-) 2 ®a + , 

S(a + ) = -A{ a y/ 2 a + , (108) 
5(a 3 ) = -A(a)a 3 + ^ 2 AA+A(a)r 1/2 L-a+, 
S(a~) = -A(a)r' 1 / 2 a~ +g- 1 AA + A(a)L"a 3 
-q- i \ 2 \ + A(a)T l l 2 {L-fa + , 

e{a + ) = e(a 3 ) = e(a _ ) = 0, (109) 
where a again denotes one of the following objects: 

a€{d x ,d e ,X,0,Z,v}- (HO) 
The scaling operators have to be specified by 

A(a£)=AV 2 , A(X A )=A- 1 / 2 , A(r ? A )=A 1 / 2 , (m) 

and 

A(#) = A, A(0 = A- 1 , A(^)=A- 1 , (112) 
which requires for the operators A and A to satisfy 

AX A = q*X A A, AX A = q 2 X A A, (113) 
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= Q~'d A A, 


Ad A 


= q~ 2 d A A, 


Ati A 


= ^A, 


H A 


= -<tva, 


Arj A 


= q~ VA, 


At] A 


= 9~ VA, 


A9 A 


= Q 4 A A, 


A9 A 


= -q' 2 9 A A, 


Ad A 


= q~*d A A, 


Ad A 


= -q'd A A. 



5 Four-dimensional Euclidean space 

The q-deformed Euclidean space in four dimensions can be treated in very 
much the same way as the Euclidean space in three dimensions. Thus, we 
summarize our results, only. The projector decomposition for the R-matrix 
is [32,43] 

R~ l = q^Ps ~ qP A + q 3 P T - (114) 

The commutation relations among the fermionic coordinates can be written 
in the general form 

0*03 = -qfivety, (115) 
which leads to the independent relations 

(0 i ) 2 = 0, i = l,...,4, (116) 

e 1 e j = -q-We 1 , j = 1,2, 
e l 0^ = -e 4 e\ 

9 2 9 3 = -9 3 9 2 + X9 X 9 4 . 
For supernumbers of the form 

f(9\9 2 ,9 3 ,9 4 ) (117) 

4 

i=l l<ii<t2<4 
+ E fhi^ 1 ^ 3 + /12340W0 4 , 

l<il<J2<«3<4 

we can again calculate an expression for their product. Explicitly, we have 
U-g){9\9 2 ,9\9 4 ) (118) 
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= (/ • 9)' + £Cf • 9W + E (/ ■ 9)ni^ 

i=l l<ii<«2<4 

+ E (/ ■ S)™^ 1 ^ 3 + (/ ■ <7)l2340W0 4 , 

l<n<i2<«3<4 

with 

(/•5)' = /V, (H9) 
(f -g)i = hg' + f'gi, i = i,...,4, 

(f-9)ij = fij</ + f'9ij + h9j-qfj9i, i = 2,3, (120) 

(/ • f)j4 = /jV + + /j54 - <?M?, 

(/ • 5)23 = /235 ; + /'^ + /253 - /352, 

(/ • 5)14 = /W + /5i4 + /i54 - /45i + A/352, 

(/ • 5)l23 = /l233' + /'5123 + /l523 - <?/25l3 + g/3512 (121) 

+ /l253 - /l352 + q 2 f23gi, 

(/ ■ 5)l24 = /l245' + /'5124 + /l524 - <?/25l4 + 9/4512 

+ /1254 - qhm - gA/2352 + g/2451, 

(/ • 5)l34 = /l345' + /'5134 + /l534 + g/3514 ~ gA/3523 + <?/45l3 

+ /l3 54 - <?/l4 53 + 9/34 51 , 
(/ • 5)234 = /234 g + /'5234 + H 534 ~ H 524 + q 2 fa 523 

+ /23 54 - 9/24 53 + 9/34 52, 

(/ • 5)1234 = /1234 g + /'51234 + /15234 - qh 5134 + qh 5124 (122) 

- q 2 fagi23 + /l2534 - /l3524 + 9 2 /l4523 + 9 2 /235l4 

- 9 2 A/23523 - 9 2 /245l3 + ? 2 /345l2 

+ /l2354 - <7/l2453 + 9/13452 - g ,2 /2345l- 

Next, we come to the commutation relations between symmetry gener- 
ators of U q {so4) (we use here the form as it was presented in Ref. [43]) and 
fermionic coordinates: 

L+9 1 =q9 1 L+ -q^e 2 , (123) 
L+8 2 = q- l 6 2 L+, 

= q8 3 L+ + q- l 9 A , 
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L+9 4 = q- l 6 A L+, 





= qO 1 ^ - q^O 3 


L+6 2 


= q9 LJ + q L 9 


, _|_ _Q 


= q ^L+, 




— 1 /l4 r 4- 




= g^r, 


l 1 e 2 


= q L 8 2 L 1 - q9 l 


l x e 6 


= qO 3 ^ , 


L 1 # 4 


= q i 4 L 1 + qO 3 


L-e 1 


= qo 1 ^, 


i 

l 2 e 2 


= q0 2 L 2 , 


l 2 e 3 


= q 1 9 3 L 2 - qO 1 




= q 6 L 2 + q9 z 




= q- l O l K u 


K X Q 2 


= q0 2 K x , 


K X Q 3 


= g _ Wi, 




= qO A K^ 


K 2 e x 


= q- X e X K 2 , 


K 2 6 2 


= <rW 2 , 


K 2 e 3 


= qe 3 K 2 , 


K 2 6 4 


= q6 A K 2 . 



(124) 



(125) 



(126) 



(127) 



(128) 



With these relations it is straightforward to show that the actions of the 
symmetry generators on supernumbers take the form 

Lf>f(9\9 2 ,e 3 ,6 4 ) (129) 
= -q' l h0 2 + q^fsO 4 
+ /is^ 4 - q^fisOW 

+ (<r 2 / 23 - <r7i4)0 2 4 
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+ <rVi230 W - q^hueW, 



L+>f(9\9 2 ,9 3 ,9 4 ) (130) 

+ q- 2 fi20 1 e 4 + q 1 f 12 e 2 e 3 

- <r7i230 W + (TVimAW, 

Li»f(e\e 2 ,e 3 ,d 4 ) (m) 

+ 9(9/14 " /23)^^ 

+ 9/1240 W " 9/2340 W, 

L->f(e\e 2 ,e 3 ,e 4 ) (132) 

= -9/3^ + 9/4^ 2 

- g-734^ 4 - /340 2 3 
+ 9 2 (/l4 + 9/23)^^ 2 

- qhue l e 2 e z + g/ 23 40 W, 

and 

#i > # 2 , # 3 , # 4 ) = /(g-^ 1 , gfl 2 , 9 _1 3 , 9^ 4 ), (133) 

k 2 > /((9 1 , e 2 , e\ 9 4 ) = /(q-'e 1 , q -H 2 , g e 3 , q e 4 ). 

If we are interested in right representations, we can either apply the trans- 
formation rules 

f(9\ 9 2 , 9 3 , 9 4 ) < Lf P*> q* 3 L? > f{6\ 9 2 , 9 3 , 9 4 ), (134) 

or 

f(8\ 9 2 , 9 3 , 9 4 ) <K 1 = K{ 1 > f(6\ 9 2 , 9 3 , 9 4 ), (135) 
f(9\ 9 2 , 9 3 , 9 4 ) < K 2 = K 2 l > f(9\ 9 2 , 9 3 , 9 4 ), 

where denotes the transition 

(i3 6 ) 
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and the conjugated index is given by %' = 5 — i. 

For the differentials we know that the relations [36] 

ee = -<ir% et\ vw = q- 1 ^ ^y, (m 

and 



XV = ql& i k X\ 6W = q~ l R% rfeK (138) 



hold. Using these identities we can verify that the Leibniz rules now take 
the form 

diXi = g i i + q(R- 1 )%X k d l x , (139) 

where g lJ denotes the four-dimensional quantum space metric. Again, the 
relations of the conjugated differential calculus are obtained most easily by 
applying the substitutions 

d a ^d a , a^a, ae{Z,r],X,e}, (140) 

Written out explicitly, the Leibniz rules become in the fermionic case 

(141) 





l l 


= -q^ 


W 9 , 


d\t 


f 


= -q-h 




d]( 


f 


= -q^ 


We, 


d}( 




= q- 1 - 


0% 



d^e 1 = -q^e'di + q^xe^, (142) 
d 2 e 2 = -q~ 2 e 2 dl 
d 2 e e^ = i-e^ 2 e -\e A dl 
d 2 e e* = -q~W e , 

d 3 ^ 1 = -q^e^l + q^XO^d], (143) 

dle 2 = i-e 2 d$-\e%, 
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die 3 = -q- 2 9 3 d$, 

die 4 = - q -Wd$, 

d 4 e l = q - e l dl - x(e 2 dl + e 3 d 2 e + \e 4 d l e ), (144) 
d 4 9 2 = - q - 1 9 2 d 4 e + q - 1 x9 4 dl 

d 4 9 3 = -q- 1 9 3 d 4 + q- 1 \9 4 d$, 

d y = - q -w e , 

while the substitutions 

dl^dt, 0*^0*', q^q-\ (145) 

lead to the corresponding relations for the conjugated differential calculus. 
With the same reasonings already applied in the previous sections we find 

d]> f(9 4 ,9 3 ,9 2 ,9 1 ) (146) 
= q^h + q^fAiO 1 + q~ 1 f429 2 + q' 1 hrf 3 
+ q~ 1 f42l9 2 9 1 + q~ 1 f4329 3 9 2 + q^hs^e 1 
+ q~ 1 f432l9 3 9 2 9\ 

dj> f(9 4 ,9 3 ,9 2 ,9 1 ) (147) 

= h + hie 1 + h 2 e 2 - q- 1 /^ 4 

+ fz2i9 2 9 1 — q~ l /4310 1 — (? _1 /4320 9 2 

— q 1 f432l9 4 9 2 9 1 , 

d 3 e > f(9 4 ,9 3 ,9 2 ,9 1 ) (148) 
= h + f2i9' - q' 2 fs29 3 - q~ 1 f429 4 

— q' 2 f32i9 3 9 1 - q- 1 f 4 2i9 4 9 1 + q~ 3 f 4 329 4 9 3 
+ q- 3 f432i9 4 9 3 9\ 

d%> f(9 4 ,9 3 ,9 2 ,9 1 ) (149) 
= qfi ~ f2i9 2 - f 3 i9 3 - q~\f 41 ~ Xf32)9 4 
+ q~ 1 f32i9 3 9 2 + q~ 2 h2i9 4 9 2 
+ q' 2 f 43i9 4 9 3 + q~ 1 Xf32i0 4 9 1 

— q ? 'f432i9 4 9 3 9 2 . 
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The different types of representations are linked via 

di>f{e\e\e 2 ,e l ) (150) 

q- 2 f{0\0\6\0 l )<di (151) 

^Y/(^ 2 ,^ 4 )«C 



and 



f(e\e\e\e l y<i% (152) 
q 2 di>f{e\e\e 2 ,e l ), 



< — > 



f(e\0 2 ,9 3 ,0 4 )<dl (153) 

q-^fie 1 ^ 2 ,^,^), 



where q < — ^> 9 stands for 



i — ► % 

1 - V« m' 



e^...0 ln l i (154) 



9 l/g 



9 -> 1/9 -1 

g < — > q . 



Finally, we would like to present the Hopf structures for the various 
four-dimensional quantum spaces. In general, we have 

Aia 1 ) = a 1 <g> 1 + A(a)Kl /2 K^ /2 ® a 1 , (155) 
A(a 2 ) = a 2 ® 1 + k{a)K~ 1/2 Kl 12 ® a 2 

+ g AA(a)lfJ /2 lcJ /2 Lf ® a 1 , 
A(a 3 ) = a 3 ® 1 + A(a)Kl /2 K 2 1/2 ® a 3 

+ gAA(a)i^ 1 1/2 ^ 2 1/2 L+ ® a 1 , 
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A(a 4 ) = a 4 1 + A(a)K~ 1/2 K 2 1/2 ® a 4 

- < ? 2 A 2 A(a)K 1 1/2 K 2 1/2 L+L+ ® a 1 

- qXA(a)K~ 1/2 K 2 /2 L+ <g> a 2 

- q\A(a)Kl /2 K 2 1/2 L+ ® a 3 , 

^(a 1 ) = -A-^a)^" 172 ^" 17 ^ 1 , (156) 
S(a 2 ) = -A' 1 (a)^ 1 1/2 K 2 - 1/2 (a 2 - q 2 XLfa 1 ), 
S(a 3 ) = -A- 1 (a)^ 1/2 i^ 2 1/2 (a 3 - q 2 XL 2 h a 1 ), 
S(a 4 ) = -A- 1 (a)i^ 1 1/2 K 2 1/2 (a 4 + g 2 A(L+a 3 + L+a 2 )) 
- (? 4 A 2 A- 1 (a)K 1 1/2 ^ 2 1/2 L+L+a 1 , 

e (a 1 ) = e {a 2 ) = e(a 3 ) = e(a 4 ) = 0, (157) 

A(a 1 ) = a 1 <g> 1 + k- x (a)K~ ll2 K 2 112 ® a 1 (158) 

- q- 2 \ 2 K- l {a)Kl /2 Kl l2 L^L 2 ® a 4 

- g- 1 AA- 1 (a)^ 1 1/2 K 2 " 1/2 L^ <g> a 2 

- g-^A-^a)^" 172 ^ 172 ^ ® a 3 , 
A(a 2 ) = a 2 1 + A-^a)^ 172 ^ -172 <g> a 2 

- g-^A-^a)^ 172 ^ 172 ^ ® a 4 , 
A(a 3 ) = a 3 <g> 1 + A-\a)K~ 1/2 K 2 /2 ® a 3 

+ g-^A-^^^^if^^L^ <g> a 4 , 
A(a 4 ) = a 4 ® 1 + A-^a)^ 172 ^ 172 ® a 4 , 

^(a 1 ) = -A(a)i^ 1 1/2 ^ 2 1/2 (a 1 + g~ 2 A(Lf a 2 + I^a 3 )) (159) 

+ g- 4 A 2 A(a)K 1 1/2 i^ 2 1/2 Lf L^a 4 , 
5(a 2 ) = -A(a)^ 1/2 K 2 1/2 (a 2 - q~ 2 XL 2 a 4 ), 
S(a 3 ) = -A{a)K~ 1/2 K 2 /2 (a 3 - q^XL^a 4 ), 
S(a 4 ) = -A{a)K~ 1/2 K 2 1/2 a 4 , 
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eia 1 ) = e{a 2 ) = e(a 3 ) = e(a 4 ) = 0, (160) 

where 

ae{d x ,d 6 ,X,e,£,r,}. (161) 

In order to regain relations (|146|) - ()149|) and their conjugated versions from 
the L-matrices determining the coproducts in (|155|) and ()158|) . we have to 
represent the operators A(a) as 

A(flj) = A 1 / 2 , A(X' 1 ) = A" 1 / 2 , A(rf) = A 1 / 2 (162) 

and 

A(«^)=A-\ A(9 i )=A, A(f)=A, (163) 

which requires to impose on the unitary and grouplike scaling operators A 
and A the commutation relations 

q^X^A, (164) 

qrfA, 
-q0% 
-q- l dlA. 

6 Minkowski space 

In this section we would like to deal with q-deformed Minkowski space [10, 
12-14,44] which from a physical point of view is the most interesting case in 
this article (for other deformations of spacetime and their related symmetries 
we refer to [45-50] ) . We follow the same line of arguments as in the previous 
sections. The R-matrix now obeys the decomposition [33] 

Rn = q~ 2 Ps ~Pa + q 2 P T - (165) 

The relations for the fermionic coordinates are completely determined by 

0i0i = -(R II ) i * l 6 k 6 l , (166) 

from which we obtain as independent relations 

(n 2 = 0, /xG{+,-,0} (167) 



AX* = 


q 2 X i A, 


AX 1 


Adi = 


q- 2 dlA, 




AC = 


q 2 CA, 


AC 


Arf = 




Arf 


A6 { = 


q 2 d i A, 


M 


Adi = 


q~ 2 diA., 


Adi 
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e 3 e ± = -q T2 e ± e 3 , 

e 3 6 3 = X8+0-, 

e+Q- = -8-8+, 
9 ± e° + e°e ± = ±q Tl \9 ± e 3 , 
e o 9 3 + e 3 9 o = X 0+e~. 

Instead of dealing with the coordinate 9 3 or 6° it is often more convenient 
to work with the light-cone coordinate 6> 3/, ° = 6 3 — 6°, for which we have the 
additional relations 

(0 3/0 ) 2 = 0, (168) 

#±#3/0 = _03/O0 ±) 
0003/0 + 03/000 = _ Aj9 +0- 

e±e° + q ±2 e a e ± = ± q ±1 xe ± e 3 /°, 

0303/0 + 03/003 = _ A 0+0-. 
The product of two super numbers of the form 

f(e + ,e 3 ,e°,e-) (169) 

= /' + f+o + + f o 0° + he 3 + f-o- 

+ f +3 e + e 3 + f +0 e+e° + f + -6+e- 

+ fs o 3 d° + f^e 3 e~ + / o _0°0- 

+ f +m e + e 3 e° + f +3 -e + e 3 e- + f +0 -9+9°e- 

+ h -9 3 e°e- + f +30 _e+e 3 e Q e- 

now becomes 

(f-g)(9 + ,e 3 ,6°,e-) (170) 
= (f- 9 y + (f-9) + + + (f-9)oO° 
+ U-gh0 3 + (f-g)-6- 

+ (/ • g ) +3 e + e 3 + (/ • g)+ e + e° + (/ • g ) + -e + e- 

+ (f ■ 9hoe 3 e° + (/ • gh-0 3 6- + (/ • g) O -8 o 0- 
+ (/ • g) +30 e + e 3 9° + (/ • g) + s-0 + 3 e- 

+ (f ■ g)+o-0 + e°e- + (f ■ gU-e 3 e°e- 

+ (f-g)+ 30 - 6 + 6 3 6°e-, 
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with 



(f-g)' = f'g, (m) 
(/ ■ g)p = Usf + /V {+,3,0,-}, 

(/ • 5)+o = f+osf + /'s+o + f+go - fog+, (172) 

(/ • 5)30 = f30g' + / 530 + /350 - /o53, 

(/ • 5)0- = fo-g' + f'go- + fog- - f-go, 
(/ • g)+- = f+-g' + f'g+- + f+g- - f-g+ + A/353 - A/053, 
(/ • sO+3 = f+39' + f'g+3 + /+53 - <f 2 hg+ - q' 1 ^fog+, 
(/ • 5)3- = h-g' + fgz- + hg- - <T 2 f-gs - ? _1 A/-5o, 

(/ • sO+3o = f+3og' + f'g3o + /+530 - g~ 2 /35+o (173) 

+ /05+3 - g -1 A/05+0 

+ 7+350 - /+053 + q~ 2 f3og+, 
(/ • 5)30- = /30-3' + / 530- + /330- - fo93- + q' 2 f-g3o 

+ /305- - /3-ffo + q~ 2 fo-g3 + <? _1 A/o-5o, 
(/ • sO+o- = Z+o-5' + / 5+0- + /+50- - fog+- - A/3530 

+ f-9+o - A/0530 + /+o5- 

- /+-50 + fo-g+ + A/3053, 

(/ • g)+3- = f+3-g' + f'g+3- + q~ 1 \f+g3- - <T 2 /-5+3 

- q~ 2 f3g+- - g _1 A/o5+- - q^W-g+o 

- <? _1 A 2 /3530 - ^~ 1 A 2 /o530 

+ f+39- - q~ 2 f+-93 + q~ 2 f3-g+ 

- q~ 2 f+-g3 - g _1 A/+-5o + q~ 1 Xf -g+ 

+ q~ l \{\ - g _1 )/3053, 
(/ • 5)+30- = f+30-g' + f'g+30- + /+530- - 9~ 2 /35+o- + /o5+3- (174) 

- q~ 2 f-g+3o- - <? _1 A/o5+o- 

+ /+35o- - /+053- + <T 2 /+-530 + g _2 /305+- 

- <T 2 /3-5+o + <?~ 2 /o-5+3 + 9~ 2 A/30530 
+ /+305- - /+3-50 + <T 2 /+o-53 

- q~ 2 f30-g+ + <7 _1 A/+o-5o- 
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Next, we turn to the commutation relations between generators of q- 
deformed Lorentz algebra (for its definition see Refs. [12,44]) and fermionic 
coordinates. Explicitly, they read 



T +n0 
± u 


— 01 , 




m+ /i3/0 


n3/0rr+ , -3/2 \ 1/2.3 + 
_ ^/"J>-r _|_ q >/ ^ qt^ 




m-\- f\-\- 






T + 0~ 


= q 2 0-T + + q-^X^O 3 






= 6°T~, 


(176) 


rp- q3/0 


n lf\ Q fry 1 /O 

= 6 3 /°T- +q 3 l 2 \_l 0~, 






2/1 — rn — 

= q0 t , 




T-0+ 


= q - 2 e+T- + q^x^e 3 , 

1 A -V- 7 




r a 


= 6 T , 


(177) 


3/i3/0 
T 9 1 


/i3/0 3 
= 6 ' T , 




T V 


— q V t , 






= g 4 0-T 3 , 




T 2 Q 3/0 


= a^e^T 2 

H W - 1 > 


(1781 


T 2 + 


= a# + T 2 




T 2 f)~ 
± o 


- cr x 9-T 2 + r7- 3 / 2 A~ 1/2 3 /°T 1 




t 2 o 3 






glgS/0 


= q6 3 /°S\ 


(179) 


s 1 e~ 


= q0-S\ 




s 1 e + 


= q^e+S 1 - g-V2 A ;V2 (9 3/0 (T 2 ) 




s^ 3 


= ? -i e 3 5 i + g-ix-WOS 1 - q^X'^e-a 2 , 




T 1^3/0 


= qe 3 /°r\ 


(180) 








t l 6 + 


= q e+T 1 -^ 2 xi 1/2 x 2 ^ i a , 
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r l#3 = q -l 6 3 T l + g -l A -l Ae 3/0 r l _ gl/2 A -V2 A 2 - T 2 ) 

a 2 ^/ = g-^ 3 /V 2 , (181) 
a 2 9 + = q-'e+a 2 , 

a 2 9-=qe-a 2 + q 1 / 2 \- 1/2 \ 2 e 3 /°S 1 , 

a 2 9 3 = q9 3 a 2 - qX~ + l X9 3 /°a 2 + q-^X^ 2 X 2 9 + S 1 . 

The generators T + , T~, and r 3 span a t/^s^-subalgebra of the q-deformed 
Lorentz algebra. With the above relations on hand we find for its generators 
the following actions on supernumbers: 

r 3 t> f{9 + ,6 3 ,6°,e-) (182) 

= f( q - 4 e + ,e 3 ,d°,q 4 e-), 

T- > f{9 + ,e 3 ,9°,9-) (183) 
= q 3 l 2 xThe-+q" 2 xTf + ^ 

+ qV 2 x 1 / 2 f + oe 3 9°-q 3/2 x]; 2 hoe e- 
+ q l ' 2 x 1 i 2 u + - + xf m )e 3 8- 

- q 3/2 xTh + oe + e°e- + q^x^Uo-eWe- 
+ q 1 / 2 xx]/ 2 f +3O e + e 3 0-, 

T+ > f{9 + ,9 3 ,9°,9-) (184) 
= <T 3/2 Ay 2 h9+ - q-^xf f -9 3 9° 
+ q-" 2 \Th Q + 9 Q + q-^X 1 / 2 U-9+9 3 
+ \T{ q l,2 h-+ q - 1/2 \h-)6 + 9- 

- q- 5 / 2 X]/ 2 f +O -0 + 3 9° + g 1 /^ 2 /ao-fl+fl *- 

Right representations are obtained most easily by either applying the trans- 
formations 

f{9+,9°,9 3 ,9-)<T ± (185) 
t^- q ^T^>f(9 + ,9 3 ,9°,9-) 
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or the identity 

f(0 + , 9°, 6\ 9~)<r 3 = f(q 4 9 + , 9°, 9 3 , q- 4 9-), (186) 

where 

0**i . . . to ^ • • ■ e w , (187) 

ffJ.l---fJ.ri * "* fjhi---JTTl 
/ < > / , 

with the conjugated index now defined by 

/Z = (+, 3, 3/0,0,-) = (-,3,3/0,0,+). (188) 

For the remaining generators we have 

a 2 >f(9 + ,9 3 ,9 3/0 ,9-) (189) 
= <T7+0 + + qf-0- + (?/3^ 3 

+ (^ 1 / 3/ o-'zA; 1 a/3)0 3 / 

+ /3,3/o^ 3 ^ 3/0 + (/ 3 /o,- - tfixfh-)^- 
+ (q- 2 U,yo - aa;7 +3 )^ 3/0 

+ T'iW/O^^ 370 + 9/ + 3-^ + ^ 3 ^ + 9/3,3/0,-^ 3/ °#~ 

+ (9-V+.3/0,- - gAA;V + 3-)^ + ^ 3/0 ^ 

+ / + 3,3/0,^ + ^ 3/ °#-, 

r 1 >/(0+,^ 3 ,^ 3/0 ,^) (190) 

= + <z/+0 + + <r7 3 3 

+ (9/3/0 + ^ 1 a; 1 a/ 3 )^ 3/0 

+ f +3 e + e 3 + + q- 2 h-e 3 e- 

+ fs,yo0 3 3/0 + 9 2 (/ +3 /o + aa;7+3)# + # 3/0 
+ (/3/o,- + aa;73-)^ 3/0 ^ 

+ 9/+3,3/o# + ^ 3/ ° + q- 1 f+s-9 + 9 3 9- + q~ l h m -9 3 9 3 / Q 9- 
+ (qf+,3/0,- + AA; X (2(A + q)- q 2 )f + ^)9 + 9 3 l°9- 
+ f + 3,3/o,-0 + 3 9 3 /°9-, 
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5 X > f(e + ,e 3 ,e 3 /°,6-) (191) 

+ q^X-^U^O^ + q-^X-^iqX - l)/ +3 ^ + ^ 

+ K 1/2 ( q - 1/2 h, 3/0 - q 1/2 U-)e 3/0 e- 
+ q 3 / 2 x- 1/2 f + ^e 3 8 3 /°8- 

+ g- 3 / 2 A; 1/2 (l-,A)/ +3 ,3/o^ 3/0 ^, 

T 2 >f(6 + ,6 3 ,d 3/0 ,e-) (192) 
= g- 3 / 2 A; 1/2 /-^ 3/0 + q- l/2 K V2 h0 + 

+ (z- 1/2 a; 1/2 /3-^ 3 3/o + q- 3/2 x- 1/2 f^6 + e- 
+ K 1/2 (i 1/2 h3/o + Q- 1/2 U-)o + e 3 ^ 
+ q^x-^f+s-e+e^ 
+ q - 1/2 x- + 1/2 h, 3/ o,~o + e 3 ^9-. 

The easiest way to derive the corresponding right representations is to use 
the identity 

S~ 1 {h)> f = f <h (193) 

together with [44] 

S-^T 2 ) = -<T 2 T 2 (t 3 ) 1/2 , (194) 

s-^s 1 ) = sHr 3 )- 1 / 2 , 

S- l (r') = a 2 , 
S-\a 2 )=r 1 . 

Now, let us consider the differentials, which obey the commutation rela- 
tions [44] 

= -{Rn)% ec, ^ = q 2 {R H r P u u v p v a , (195) 

and 

= {Ru)% O^rf = q 2 {Rn)% V p a - (196) 

The Leibniz rules being compatible with the identities in (J196p read 

d£X v = rT + q- 2 (R n X« XPd *> ( 197 ) 
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where rf' v stands for the metric of q-deformed Minkowski space. With the 
substitutions 

d a ^d a , a^a, aEU,v,X,e}, (198) 
q^q' 1 , R — > FT 1 , 

the formulae in ()195|) - (|197j) transform into those of the conjugated calculus. 

As in the previous sections, we would like to write down the Leibniz rules 
for the fermionic derivatives, explicitly. In this way we have 







(199) 


dfe+ 


= - q 2 6 + dl /0 - q \9 3 /°d+, 




d e ' 9 6 


1 zi3 i3/0 \ \ -l/i3/0 o 3 /0 q+ 

= 1 — 6 o g — XX + 9 ' Oq — X9 Oq, 




d e ' 9 


n- <->3/0 




d+9 3 /° 


= -e 3 /°d+, 


(200) 


d+e+ 






die* 


= -q 2 9 3 d+ + q 2 XX+ 1 8 3 /°d+ + q 2 A\+ 1 9 + d^°, 




d+e- 


= -q- e~d+ + qxx^9 3 / d 3 d /0 , 




d e 8 3 /° 


= -q 2 9 3 /°d e --qX9-d 3 e / °, 


(201) 


d e 9+ 


= _ g -i _ 0+ d - _ X 9 3 /°d° 9 - X 2 9~d+ 






-X9 3 dl /0 -qXX+ 1 9 3 /°dl /0 , 




d d 9 3 


= -9 3 d e - XX+^^dg - qX9-d° e 






-XX- + \q 2 + 2)9~dl lQ ) 






= ~q 2 0~dg, 






= 1 _ 03/0^0 _ xe -Q+ + g 2 AA -l 5 3/0^/0 j 


(202) 


d° e e + 


= - e +gP g _ qX 9 3 d+ + q 2 XX+ 1 9 3 /°d+ + q 2 XX+ 1 9+dl l \ 




d° e 9 3 


= -q 2 9 3 d° e + q 2 XX+ l 9 3/0 d° e + gAA+^+d^ - qXX+ 1 9~d$ 






+ XX- + 1 9 3 df + q 2 XXl l 9 3 /*dl / \ 




d° e e- 


= - q ^8-d° e - XX- + l 9-dl /Q + q 2 XX+ 1 9 3 /°d . 
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The corresponding expressions for the conjugated calculus follow from the 
above relations by applying the substitutions 

dZ^dg, q^q- 1 . (203) 

As usual, the relations in (|199|) - (|2U2|) enable us to compute the action of 
fermionic derivatives on super numbers: 

d+>f(9-,9 3 /°,9 3 ,e + ) (204) 
= - qfL + 9+ - qf_ 3 9 3 - q(f_ m - \X?f- 3 )&° 

- qf- 3+ e 3 e+ - g(/_, 3 /o, + - aa+7-3+)# 3/o + 

d 3 d /0 >f{6-,d 3 /°,d 3 ,e + ) (205) 
= / 3 + h+e + - q 2 f 3 /o,30 3/0 - f- 3 0- 

- q 2 h/o,3+o 3/0 e + - f- 3+ e~e + + q 2 f- m3 e-e 3 ' 

+ q 2 f-,3/O,3 + 0-0 3/ °0 + , 

d^>f(0-,9 3/o ,0 3 ,9 + ) (206) 

= /s/0 + /3/0,3^ + (/3/0.+ " /3+AA; 1 )^ 

- (sV-.s/o + AA;V-3)fl~ 
-qXX?if-+-qf 3 , Ol3 )0 Si/o 

+ /3/0,3+^^ + + <ZA/ 3/0 ,3 + # 3/0 # + " g 2 /-3,3/0,3^^ 
+ - q(qU m+ - \ 2 \+ 1 f- 3+ )9-6+ 

- q 2 f~,3/o,3 + d-0 3 o + - g 2 AA; 1 /-,3/o,3 + ^^ 3/0 ^ + , 



do>f(e-,e 3 /°,e 3 ,e+) (207) 

= -<T7+ + ff-Va+e 3 + ?(/+_ - A/ 3/ o j3 )0" 
+ (g/3/o,+ + ^ 1 AA; 1 /3+)0 3/o 

- g/3/o,3 + ^ 3/0 ^ 3 - qf-3+0-9 3 

- q(q 2 f-,3/ ,+ + \X+ 1 f- 3+ )0-9 3 /° 

- qXf3/o,3 + o-9 + + q 3 f-,3/o,3 + e-e 3/0 o 3 . 

The other types of representations of fermionic derivatives are completely 
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determined by transformation rules of the form 

d%>f(9-,9 3 /°,9 3 ,0 + ) (208) 

>/(£+, F/O.F, O, 

q 2 f(9-,9 3 ,6V°,6 + )<d$ (209) 
: H^- 2 /(0 + ,0 3 ,0 3 /°,0-)<^, 



and 



< > 



f(0~,0 3 ,9 3/o ,9 + )<d% (210) 
^>/(^^ 3/o ^ 3 ,0 + ), 

f(0 + ,0 3 ,9 3 /°,9-)<d% (211) 

g 2 ^>/(^ 3 /v 3 ,n, 



where 



e^..-9 in q ^i q 9 h ■■■9 in , (212) 

Jil—in < Jii—in' 



9 -» i/q -i 
< > O . 



Finally, we come to the Hopf structure for the quantum spaces of the 
q-deformed Lorentz-algebra. In general, we have 

A(a 3 /°) = a 3 /° <g> 1 + A(a)r 1 ® a 3 / (213) 

- g 1 / 2 AfAA(a)(r 3 )- 1 / 2 5 1 0a + , 

A(a+) = a+ ® 1 + A 1 / 2 ^)-!/^ 2 ® a+ - g 3 / 2 A; 1/2 AA(a)T 2 ® a 3 / , 
A(o") = a" ® 1 + A(a)(r 3 ) 1 / 2 r 1 ® - g- 1/2 A+ /2 AA(a)5 1 ® a 

- A 2 A(a)(r 3 )- 1/2 T-5 1 ®a+ 

+ g- 1 / 2 A; 1/2 AA(a)(r 1 T- - g^ 1 ) ® a 3 / , 
A(a°) = a ® 1 + A(a)cj 2 ® a - g 1/2 A; 1/2 AA(a)T 2 (r 3 ) 1 / 2 ® a~ 

36 



+ q l l 2 \- 1/2 \K(a)(r z )- l l 2 (T~a 2 + qS 1 ) ® a + 
- A; 1 A(a)(A 2 T-T 2 + q^ 1 - a 2 )) ® a 3 / , 

5(a 3 /°) = -A-^ayV/ - g- 3 / 2 Ay 2 AA- 1 (a)5 1 a+, (214) 
S(a + ) = -A- 1 (a)r 1 (r 3 ) 1 / 2 a+ - g 3 / 2 A; 1/2 AA- 1 (a)T 2 (r 3 ) 1 / 2 a 3 / , 
S(a-) = -A~ 1 (a)a 2 (r 3 )~ 1/2 a~ - q~ 1/2 X 1 / 2 \A~ 1 (a)(T 3 )~ 1/2 S 1 a° 
+ g- 2 A 2 A- 1 (a)(r 3 )- 1 / 2 5 1 T-a+ 
+ 9 - 5 / 2 A; 1/2 AA- 1 (a)(r 3 )- 1 /2( (7 2 T - _ ^ly/c^ 

,S(a ) = -A-^aJr^ - g^A^AA- 1 (a)T 2 a~ 
+ g" 3/2 A; 1/2 AA- 1 (a)(r 1 r- + q 1 S 1 )a + 
+ X^A-^aMo 3 - r 1 ) + A 2 T 2 T-)a 3 /°, 

e (a 3 /°) = e( a +) = e(a") = e(o°) = 0, (215) 
and likewise for the conjugated Hopf structure, 

A(a 3 /°) = a 3 /° ® 1 + A-^aXr 3 ) 1 ' 2 * 2 ® a 3 / (216) 
-^A^AA-^a^^a-, 
A(a") = a' ® 1 + A-^aJr 1 ® a" - g 1/2 A; 1/2 AA- 1 (a)(r 3 )- 1 / 2 1 S 1 ® a 3/0 , 

A(a+) = a + ®l + A-^aJa 2 ® a+ - g^A+^AA -1 (a)T 2 (r 3 ) 1/2 ® a 

- gVSA-Va^-i^^j-i^^^ + ?r 3 T 2) a 3/o 

+ g 2 A 2 A- 1 (a)T 2 T+®a-, 

A(o°) = a ® 1 + A- 1 (a)(r 3 )~ 1 / 2 T 1 ® a - g^A^AA" 1 ^ 1 ® a + 

- g 1 /2 A -V2 AA -i (a)(9T+r i _ T 2 } ^ a - 

+ A; 1 A- 1 (a)(r 3 )- 1 / 2 (A 2 T+5 1 + (^(tV - <r 2 )) ® a 3 / , 

5(a 3 /°) = -A(a)r 1 (r 3 ) 1 /2 a 3/o _ ^1/2^^3)1/2^ (217) 

5(o") = -A(a)<jV - g- 3 / 2 A; 1/2 AA(a)SV/°, 
,S(a + ) = -A{a)T l a + - g 5 / 2 A+ /2 AA(a)T 2 a° 

- g 3 / 2 A; 1/2 AA(a)(gr 1 T+ + T 2 )a 3 /° 
-g 4 A 2 A(a)T 2 T+a-, 



37 



S(a°) = -A(a)(r 3 )- 1 /V 2 a° - g- 1 / 2 A; 1/2 AA(a)(r 3 )- 1 / 2 5 1 a+ 

- 9 3 / 2 A; 1/2 AA(a)(r 3 )- 1 /2( a 2 r+ _ qT ^ )a - 

- A; 1 A(a)(r 3 )' 1 / 2 (A 2 T + 5 1 + q(a 2 - tV)^ 3 / , 

e(a 3 /°) = e(a+) = e(a") = e(a°) = 0, (218) 
with 

aeR^a^,^}. (219) 
The scaling operators have to take the form 

A(dl)=A 1 / 2 , A{X i ) = A~ l l 2 , A{ v i )=A-\ (220) 

or 

A(di) = A-\ A(6 i )=A, A(C)=~A, (221) 
if the operators A and A are subject to the relations 

AX^ = q~ 2 X^A, KX" = q~ l X^A, (222) 

Ad£ = q 2 0^A, Ad% = qdfA, 

a? = q- 2 ?A, Ae = - q - i ek 

Ar]^ = q^rfA Krf = q 2 rfK, 

A0» = q~ 2 e^A, AO^ = -q- l 6^A, 

Ad$ = q 2 d£A, Adg = -qdfA. 
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A Representations of supernumbers 

In this article we deal with supernumbers of different normal orderings. 
Thus, it can be useful to have formulae at hand that allow to switch be- 
tween the different orderings. For this purpose we wish to list the following 
identities: 

1. (two-dimensional Euclidean space) 

/' + fiO 1 + hO 2 + f^e 2 (223) 
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= ~f + ho 1 + he 2 + hi0 2 e\ 

where 

/' = /', fi = h, h = f2, f2i = -q- 1 fi2- (224) 

2. (three-dimensional Euclidean space) 

/' + f+0 + + f 3 6 3 + f-0- (225) 

+ f +3 + o 3 + f+-e+6- + / 3 -# 3 ^ 
+ f +3 -6 + e 3 e- 

= f + f+o + + he 3 + f-e- 
+ h + e 3 e + + + f- 3 e-e 3 

+ f_ 3+ 9-e 3 e+, 

where 

/' = /', /a = /a, Ae{+,3,-} (226) 

/-+ = _ /+- > /3+ = -q 2 f+s, fs = -q 2 f3-, 
f-3+ = -q 4 f+3-- 

3. (four-dimensional Euclidean space) 

4 

/' + E-^ + E /n^ 1 ^ ( 227 ) 

i=l l<ii<i2<4 

+ E fhi2izO h o i2 o is + f^eWe 4 

l<il<i2<«3<4 
4 

= /' + E^ + E /iiw*' 1 ^ 

1=1 1<J2<«1<4 

+ E fhhis^d^ 3 + /43210W0 1 , 

1<«3<«2<U<4 

where 

/' = /', /i = /i, * = 1,...,4, (228) 
/21 = -<7 _1 /i2, /31 = -9 _1 /i3, 

/41 = — /l4 — A/23, /32 = — /23, 
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/42 = -g _1 /24, /43 = -<7 _1 /34, 

/321 = -q~ 2 fu3, /421 = -q~ 2 fu4, 

/431 = -^~ 2 /l34, /432 = ~q~ 2 f234, 
/4321 = 9~ 4 /l234- 

(Minkowski space) 

/' + + / 3/ o^ 3/0 + / 3 ^ 3 + (229) 

+ /+,3/0^ + ^ 3/ ° + J+3# + # 3 + /+-# + ^ 

+ /3/0,3^ 3/0 ^ + /s-^" + /3/0,3^ 3/0 ^ + /3/0,-# 3/ °^ 

+ / + ,3/o,3^ + ^ 3/0 ^ 3 + f+3-0 + e 3 e- + f + , 3/0 ,-6 + 6 3 /°6- 

+ /3/0,3-^ 3/0 ^^ + / + ,3/0,3-# + # 3/0 ^- 

= /' + f + e + + f 3/0 e 3 /° + f 3 e 3 + /_<r 

+ /3/0,+^ 3/ ^ + + /3+^^ + + /-+^ + 
+ /3,3/0^^ 3/0 + /-S^ 3 + f-,3/oO-0 3/ ° 

+ /3,3/o,+^ 3/o + + f-3 + o-e 3 e + + f_ m+ e-e^e + 

+ f -3,3/00- 3 3/ ° + /-3,3/0, + ^^^ 3/0 ^ + , 

where 

/' = /', U = U, MS {+,3/0, 3,-}, (230) 

/+3 = -9 2 /3+, f+,3/0 = _ /3/0,+ , 
/+- — — /-+ + ^ f 3/0,3, /3,3/0 = ~/3/0,3> 

h- = -q 2 fs, /3/0,- = -f-,3/0 

f +3,3/0 = ~q 2 f 3/0,3+> f+3- = ~q 4 f-3+, 
f+,3/0 - = —f-,3/0,+i /3,3/0,- = — 9 2 /-,3/0,3> 
/+3,3/0,- = q 4 /-,3/0,3+- 
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